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SECTION 2.1 was largely rewritten so that its 

focus is on motivating the need for limits 
via the concepts of velocity and the tangent 

line. The content on rate of change that did 

not treat velocity was moved elsewhere. 

Chapter 1: Precalculus Review 1 
1.1 Real Numbers, Functions, 

and Graphs 1 

1.2 Linear and Quadratic Functions 14 

1.3 The Basic Classes of Functions 22 

1.4 Trigonometric Functions 27 

1.5 Inverse Functions 35 

1.6 Exponential and Logarithmic 

Functions 44 

1.7 Technology: Calculators and 

Computers 53 

Chapter Review Exercises 58 

Chapter 2: Limits 61 
2.1 The Limit Idea: Instantaneous 

Velocity and Tangent Lines 61 

2.2 Investigating Limits 67 

2.3 Basic Limit Laws 76 

2.4 Limits and Continuity 79 

2.5 Indeterminate Forms 90 

2.6 The Squeeze Theorem and 

Trigonometric Limits 96 

2.7 Limits at Infinity 101 

2.8 The Intermediate Value 

Theorem 107 

2.9 The Formal Definition of a 

Limit 112 

Chapter Review Exercises 119 

Chapter 3: Differentiation 123 
3.1 Definition of the Derivative 123 

3.2 The Derivative as a Function 132 

3.3 Product and Quotient Rules 146 

3.4 Rates of Change 153 

3.5 Higher Derivatives 163 

3.6 Trigonometric Functions 168 

3.7 The Chain Rule 173 

3.8 Implicit Differentiation 181 

3.9 Derivatives of General Exponential 

and Logarithmic Functions 190 

SECTION 4.1 was rewritten and reorganized to clarify SECTION 8.1 The section on 
probability was moved from Section 

7 .8 to 8.1 so that it appears in 

the relationship between the different types of linear 

approximation. In particular, we wanted to reinforce the 

understanding that the various types of linear approximation 

are all based on the idea that the tangent line approximates 
the curve close to the point of tangency. 

\ 

the chapter on applications of the 

integral rather than the chapter on 
techniques of integration. 
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3.10 Related Rates 198 

Chapter Review Exercises 206 

Chapter 4: Applications of the 
Derivative 211 
4.1 Linear Approximation and 

Applications 211 

4.2 Extreme Values 220 

4.3 The Mean Value Theorem and 

Monotonicity 230 

4.4 The Second Derivative and 

Concavity 238 

4.5 L'Hopital's Rule 246 

4.6 Analyzing and Sketching Graphs 

of Functions 254 

4.7 Applied Optimization 263 

4.8 Newton's Method 276 

Chapter Review Exercises 282 

Chapter 5: Integration 285 
5.1 Approximating and Computing 

Area 285 

5.2 The Definite Integral 298 

5.3 The Indefinite Integral 309 

5.4 The Fundamental Theorem of 

Calculus, Part I 318 

5.5 The Fundamental Theorem of 

Calculus, Part II 325 

5.6 Net Change as the Integral of a 

Rate of Change 333 

5. 7 The Substitution Method 339 

5.8 Further Integral Formulas 347 
Chapter Review Exercises 352 

Chapter 6: Applications of the 
Integral 357 
6.1 Area Between Two Curves 357 

6.2 Setting Up Integrals: Volume, 

Density, Average Value 365 

6.3 Volumes of Revolution: Disks and 

Washers 376 

6.4 Volumes of Revolution: 

Cylindrical Shells 385 

6.5 Work and Energy 392 

Chapter Review Exercises 398 

Chapter 7: Techniques of 
Integration 401 
7.1 Integration by Parts 401 

7.2 Trigonometric Integrals 407 

7.3 Trigonometric Substitution 415 

7.4 Integrals Involving Hyperbolic and 

Inverse Hyperbolic Functions 421 

7.5 The Method of Partial 

Fractions 426 

7 .6 Strategies for Integration 435 

7.7 Improper Integrals 442 

7.8 Numerical Integration 453 
Chapter Review Exercises 463 

Chapter 8: Further Applications 
of the I ntegra I 46 7 
8.1 Probabi I ity and Integration 467 uo-__, 

8.2 Arc Length and Surface Area 473 

8.3 Fluid Pressure and Force 480 

8.4 Center of Mass 486 
Chapter Review Exercises 496 

Chapter 9: Introduction to Differential 
Equations 499 

-o 9.1 Solving Differential Equations 499 

9.2 Models Involving y' = k(y - b) 509 

9.3 Graphical and Numerical 

Methods 516 

9.4 The Logistic Equation 523 

9.5 First-Order Linear Equations 528 

Chapter Review Exercises 534 

Chapter 10: Infinite Series 537 
10.1 Sequences 537 

10.2 Summing an Infinite Series 548 

I 

THE PREVIOUS EDITION'S SECTION 5.9 was eliminated because it appeared in the main 

introductory chapter on integration yet had little content involving the integral. 

SECTION 9.1 was rewritten to provide a more-straightforward 

introduction to differential equations and methods of solving 

them. Furthermore we wrote a few new examples that 
replaced a rather technical derivation to provide for a wider 

variety of simpler, more accessible application examples. 

The main topics from the section were placed elsewhere where they fit better. For 
example, the material on differential equations and on exponential growth and 

decay was moved to the chapter on differential equations. 

I \ 



SECTION 14.4 The development of the concept of differentiability in 

Section 14.4 was rewritten to provide a clearer pathway from the 

basic idea of the existence of partial derivatives to the more-technical 
notion of differentiability. We dropped the concept of local linearity 

introduced in previous editions because it is redundant and adds an 
extra layer of technical detail that can be avoided. 
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13.5 Motion in 3-Space 772 

13.6 Planetary Motion According 

to Kepler and Newton 780 

Chapter Review Exercises 787 
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Several Variables 789 
14.1 Functions of Two or More 

Variables 789 

14.2 Limits and Continuity in 

Several Variables 800 

14.3 Partia I Derivatives 808 

14.4 Differentiability, Tangent Planes, 

and Linear Approximation 818 

14.5 The Gradient and Directional 
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14.6 Multivariable Calculus 

Chain Rules 840 

14.7 Optimization in Several 

Variables 850 

14.8 Lagrange Multipliers: 

Optimizing with a Constraint 865 

Chapter Review Exercises 875 

Chapter 15: Multiple 
Integration 879 
15.1 Integration in Two Variables 879 

15.2 Double Integrals over More 
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Chapter Review Exercises 953 

CONTENTS 

Chapter 16: Line and Surface 
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SECTION 10.7 We have chosen a somewhat traditional location for the section on Taylor polynomials, placing it directly before the 
section on Taylor series in Chapter 10. We feel that this placement is an improvement over the previous edition where the section 

was isolated in a chapter that primarily was about applications of the integral. The subject matter in the Taylor polynomials section 

-----. works well as an initial step toward the important topic of Taylor series representations of specific functions. The Taylor polynomials 
section can serve as a follow-up to linear approximation in Section 4.1. Consequently, Taylor polynomials (except for Taylor's 
Theorem at the end of the section, which involves integration) can be covered at any point after Section 4.1. 



CALCULUS: EARLY TRANSCENDENTALS 
' FOURTH EDITION 

On Teaching Mathematics 

We consider ourselves very lucky to have careers as teach­
ers and researchers of mathematics. Through many years 

( over 30 each) teaching and learning mathematics we have de­
veloped many ideas about how best to present mathematical 
concepts and to engage students working with and exploring 
them. We see teaching mathematics as a form of storytelling, 
both when we present in a classroom and when we write mate­
rials for exploration and learning. The goal is to explain to stu­
dents in a captivating manner, at the right pace, and in as clear 
a way as possible, how mathematics works and what it can do 
for them. We find mathematics to be intriguing and immensely 
beautiful. We want students to feel that way, too. 

On Writing a Calculus Text 

It has been an exciting challenge to author the recent editions 
of Jon Rogawski's calculus book. We both had experience 
with the early editions of the text and had a lot of respect for 
Jon's approach to them. Jon's vision of what a calculus book 
could be fits very closely with our own. Jon believed that as 
math teachers, how we present material is as important as what 
we present. Although he insisted on rigor at all times, he also 
wanted a book that was clearly written, that could be read by 
a calculus student and would motivate them to engage in the 
material and learn more. Moreover, Jon strived to create a text 
in which exposition, graphics, and layout would work together 
to enhance all facets of a student's calculus experience. 
Jon paid special attention to certain aspects of the text: 

vi 

1. Clear, accessible exposition that anticipates and addresses 
student difficulties. 

2. Layout and figures that communicate the flow of ideas. 
3. Highlighted features that emphasize concepts and 

mathematical reasoning including Conceptual Insight, 
Graphical Insight, Assumptions Matter, Reminder, and 
Historical Perspective. 

4. A rich collection of examples and exercises of graduated 
difficulty that teach basic skills as well as problem-solv­
ing techniques, reinforce conceptual understanding, and 
motivate calculus through interesting applications. Each 
section also contains exercises that develop additional 
insights and challenge students to further develop their 
skills. 

Our approach to writing the recent editions has been to take 
the strong foundation that Jon provided and strengthen it in two 
ways: 

• To fine-tune it, while keeping with the book's original 
philosophy, by enhancing presentations, clarifying con­
cepts, and emphasizing major points where we felt such 
adjustments would benefit the reader. 

• To expand it slightly, both in the mathematics presented 
and the applications covered. The expansion in math­
ematics content has largely been guided by input from 
users and reviewers who had good suggestions for valu­
able additions (for example, a section on how to decide 
which technique to employ on an integration problem). 
The original editions of the text had very strong coverage 
of applications in physics and engineering; consequently, 
we have chosen to add examples that provide applications 
in the life and climate sciences. 

We hope our experience as mathematicians and teachers 
enables us to make positive contributions to the continued de­
velopment of this calculus book. As mathematicians, we want 
to ensure that the theorems, proofs, arguments, and derivations 
are correct and are presented with an appropriate level of rigor. 
As teachers, we want the material to be accessible and written 
at the level of a student who is new to the subject matter. Work­
ing from the strong foundation that Jon set, we have strived 
to maintain the level of quality of the previous editions while 
making the changes that we believe will bring the book to a 
new level. 

What's New in the Fourth Edition 

In this edition we have continued the themes introduced in the 
third edition and have implemented a number of new changes. 

A Focus on Concepts 
We have continued to emphasize conceptual understanding 
over the memorization of formulas. Memorization can never 
be completely avoided, but it should play a minor role in the 
process of learning calculus. Students will remember how to 
apply a procedure or technique if they see the logical progres­
sion of the steps in the proof that generates it. And they then 
understand the underlying concepts rather than seeing the topic 



as a black box. To further support conceptual understanding 
of calculus, we have added a number of new Graphical and 
Conceptual Insights through the book. These include insights 
that discuss: 

• The differences between the expressions "undefined," 
"does not exist," and "indeterminate" in Section 2.5 on 
indeterminate forms, 

• How measuring angles in radians is preferred in calculus 
over measuring in degrees because the resulting deriva­
tive formulas are simpler (in Section 3.6 on derivative 
rules of trigonometric functions), 

• How the Fundamental Theorem of Calculus (Part II) 
guarantees the existence of an antiderivative for con­
tinuous functions (in Section 5.5 on the Fundamental 
Theorem of Calculus, Part II), 

• How the volume-of-revolution formulas in Section 6.3 
are special cases of the main volume-by-slices approach 
in Section 6.2, 

• The relationships between a curve, parametrizations of 
it, and arc length computed from a parametrization (in 
Section 11.2 on arc length and speed), 

• The relationship between linear approximation in multi­
variable calculus (in Section 14.4) and linear approxima­
tion for a function of one variable in Section 4.1. 

Simplified Derivations 
We simplified a number of derivations of important calculus 
formulas. These include: 

• The derivative rule for the exponential function in Section 
3.2, 

• The formula for the area of a surface of revolution in 
Section 8.2, 

• The vector-based formulas for lines and planes in 3-space 
in Sections 12.2 and 12.5. 

New Examples in the Life and Climate Sciences 
Expanding on the strong collection of applications in physics 
and engineering that were already in the book, we added a 
number of applications from other disciplines, particularly in 
the life and climate sciences. These include: 

• The rate of change of day length in Section 3.7 
• The log-wind profile in Section 3.9 

PREFACE vii 

• A grid-connected energy system in Section 5.2 
• A glacier height differential-equations model 

in Section 9.1 
• A predator-prey interaction in Section 11.1 
• Geostrophic wind flow in Section 14.5 
• Gulf Stream heat flow in Section 15.1 

An Introduction to Calculus 
In previous editions of the text, the first mathematics material 
that the reader encountered was a review of precalculus. We felt 
that a brief introduction to calculus would be a more meaning­
ful start to this important body of mathematics. We hope that 
it provides the reader with a motivating glimpse ahead and a 
perspective on why a review of precalculus is a beneficial way 
to begin. 

Additional Historical Content 
Historical Perspectives and margin notes have been a well­
received feature of previous editions. We added to the his­
torical content by including a few new margin notes about past 
and contemporary mathematicians throughout the book. For 
example, we added a margin note in Section 3 .1 about the con­
tributions of Sir Isaac Newton and Gottfried Wilhelm Leibniz 
to the development of calculus in the seventeenth century, and 
a margin note in Section 12.2 about recent Field's medalist 
Maryam Mirzakhani. 

New Examples, Figures, and Exercises 
Numerous examples and accompanying figures have been 
added to expand on the variety of applications and to clarify 
concepts. Figures marked with a (DI icon have been made 
dynamic and can be accessed via WebAssign Premium. A 
selection of these figures also includes brief tutorial videos 
explaining the concepts at work. 

A variety of exercises have also been added throughout the 
text, particularly following up on new examples in the sections. 
The comprehensive section exercise sets are closely coordinat­
ed with the text. These exercises vary in difficulty from routine 
to moderate as well as more challenging. Specialized exercises 
are identified by icons. For example, 1-7' indicates problems 
that require the student to give a written response. There also 
are icons for problems that require the use of either graphing­
calculator technology (GU) or more advanced software such as 
a computer algebra system ( CAS ) . 
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FIGURE 1 

FIGURE 2 The approximation to the slope at 
P improves as Q approaches P. 

INTRODUCTION TO CALCULUS 

W e begin with a brief introduction to some key ideas in calculus. It is not an 
exaggeration to say that calculus is one of the great intellectual achievements of 

humankind. Sending spacecraft to other planets, building computer systems for forecast­
ing the weather, explaining the interactions between plants, insects, and animals, and 
understanding the structure of atoms are some of the countless scientific and technologi­
cal advances that could not have been achieved without calculus. Moreover, calculus is a 
foundational part of the mathematical theory of analysis, a field that is under continuous 
development. 

The primary formulation of calculus dates back to independent theories of Sir Isaac 
Newton and Gottfried Wilhelm Liebnitz in the 1600s. However, their work only remotely 
resembles the topics presented in this book. Through a few centuries of development and 
expansion, calculus has grown into the theory we present here. Newton and Liebnitz 
would likely be quite impressed that their calculus has evolved into a theory that many 
thousands of students around the world study each year. 

There are two central concepts in calculus: the derivative and the integral. We 
introduce them next. 

The Derivativ~ The derivative of a function is simply the slope of its graph; it repre­
sents the rate of change of the function. For a linear function y = 2.3x - 8.1, the slope 
2.3 indicates that y changes by 2.3 for each one-unit change in x. How do we find the 
slope of a graph of a function that is not linear, such as the one in Figure 1? 

Imagine that this function represents the amount A of a drug in the bloodstream 
as a function of time t. Clearly, this situation is more complex than the linear case. 
The slope varies as we move along the curve. Initially positive because the amount of 
the drug in the bloodstream is increasing, the slope becomes negative as the drug is 
absorbed. Having an expression for the slope would enable us to know the time when 
the amount of the drug is a maximum (when the slope turns from positive to negative) 
or the time when the drug is leaving the bloodstream the fastest (a time to administer 
another dose). 

To define the slope for a function that is not linear, we adapt the notion of slope for 
linear relationships. Specifically, to estimate the slope at point Pin Figure 2, we select a 
point Q on the curve and draw a line between P and Q. We can use the slope of this line 
to approximate the slope at P. To improve this approximation, we move Q closer to P 
and calculate the slope of the new line. As Q moves closer to P, this approximation gets 
more precise. Although we cannot allow P and Q to be the same point (because we could 
no longer compute a slope), we instead "take the limit" of these slopes. We develop the 
concept of the limit in Chapter 2. Then in Chapter 3, we show that the limiting value may 
be defined as the exact slope at P. 

The Definite Integral The definite integral, another key calculus topic, can be thought 
of as adding up infinitely many infinitesimally small pieces of a whole. It too is obtained 
through a limiting process. More precisely, it is a limit of sums over a domain that is 
divided into progressively more and more pieces. To explore this idea, consider a solid 

xvii 
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FIGURE 3 For a ball of uniform density, 
mass is the product of density and volume. 
For a nonuniform ball, a limiting process 
needs to be used to determine the mass. 

The irregular density of the moon 
presented a navigational challenge for 

spacecraft orbiting it. The first group of 
spacecraft (unmanned!) that circled the 

moon exhibited unexpected orbits. Space 
scientists realized that the density of the 

moon varied considerably and that the 
gravitational attraction of concentrations of 

mass (referred to as mascons) deflected the 
path of the spacecraft from the planned 

trajectory. 

ball of volume 2 cm3 whose density (mass per unit volume) throughout is 1.5 g/cm3. The 
mass of this ball is the product of density and volume, (1.5)(2) = 3 grams. 

If the density is not the same throughout the ball (Figure 3 ), we can approximate its 
mass as follows: 

• Chop the ball into a number of pieces, 
• Assume the density is uniform on each piece and approximate the mass of each 

piece by multiplying density by volume, 
• Add the approximate masses of the pieces to estimate the total mass of the ball. 

We continually improve this approximation by chopping the ball into ever smaller pieces 
(Figure 4). Ultimately, an exact value is obtained by taking a limit of the approximate 
masses. 

FIGURE 4 

In Chapter 5, we define the definite integral in exactly this way; it is a limit of sums 
over an interval that is divided into progressively smaller subintervals. 

1be Fnndamen heorem of Calculus Although the derivative and the definite 
integral are very different concepts, it turns out they are related through an important the­
orem called the Fundamental Theorem of Calculus presented in Chapter 5. This theorem 
demonstrates that the derivative and the definite integral are, to some extent, inverses of 
each other, a relationship that we will find beneficial in many ways. 



Oscillatory phenomena, such as the extreme 
tides of the Bay of Fundy in Atlantic Canada, 
are modeled by the sine function from 
trigonometry. 

1 PRECALCU LUS REVIEW 

C alculus builds on the foundation of algebra, analytic geometry, and trigonometry. In 
this chapter, therefore, we review some concepts, facts, and formulas from precal­

culus that are used throughout the text. In the last section, we discuss ways in which 
technology can be used to enhance your visual understanding of functions and their 
properties. 

1. 1 Real Numbers, Functions, and Graphs 

We begin with a short discussion of real numbers. This gives us the opportunity to recall 
some basic properties and standard notation. 

A real number is a number represented by a decimal or "decimal expansion." There 
are three types of decimal expansions: finite, infinite repeating, and infinite but non­
repeating. For example, 

3 

8 
= 0.375, ~ = 0.142857142857 ... = 0.142857 n = 3.141592653589793 ... 

The number ~ is represented by a finite decimal, whereas ~ is represented by an infinite 
repeating decimal. The bar over 142857 indicates that this sequence repeats indefinitely. 
The decimal expansion of rr is infinite but nonrepeating. 

The set of all real numbers is denoted by a boldface R. When there is no risk of 
confusion, we refer to a real number simply as a number. We also use the standard symbol 
E for the phrase "belongs to." Thus, 

aER reads "a belongs to R" 

The set of integers is commonly denoted by the letter Z (this choice comes from the 
German word Zahl, meaning "number"). Thus, Z = { ... , -2, -1, 0, 1, 2, ... }. A whole 
number is a nonnegative integer-that is, one of the numbers 0, 1, 2, .... 

A real number is called rational if it can be represented by a fraction p / q, 
where p and q are integers with q # 0. The set of rational numbers is denoted Q 
(for "quotient"). Numbers that are not rational, such as rr and ,J2, are called irrational. 

We can tell whether a number is rational from its decimal expansion: Rational 
numbers have finite or infinite repeating decimal expansions, and irrational numbers 
have infinite, nonrepeating decimal expansions. Furthermore, the decimal expansion of 
a number is unique, apart from the following exception: Every finite decimal is equal to 
an infinite decimal in which the digit 9 repeats. For example, 1/5 = 0.5 = 0.499999 ... 

Two algebraic properties of the real numbers are the commutative property of ad­
dition, a+ b = b + a, and the distributive property of multiplication over addition, 
a(b + c) =ab+ ac. A list of further properties can be found in Appendix B. Next, we 
present some properties of exponents that are used regularly when we work with expo­
nential expressions and functions. 

Exponent zero 

Products 

Quotients 

Negative exponents 

Power to a power 

Roots 

Rule 

bo = 1 

bxby = bx+y 

bx - = bx-y 
bY 

1 
b-x = -

bX 

(bxy = bxy 

bl f n = ~ 

Example 

50 = 1 

25 . 23 = 25+3 = 28 

47 _ = 47-2 = 45 
42 

1 
3-4= -

34 

(32)4 = 32(4) = 38 

51/2 = ,J5 

1 
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~ REMINDER n-factorial is the number 

n ! = n(n - l)(n - 2) • • • (2)(1) 

Thus, 

1 ! = 1, 2! = (2)(1) = 2 

3 ! = (3)(2)(1) = 6 

By convention, we set O! = 1. 

-2 -1 0 1 2 

FIGURE 1 The set of real numbers 
represented as a line. 

In some texts, "larger than" is used 
synonymously with "greater than." We will 
avoid that usage in this text. 

lal 

a 0 

FIGURE 2 la I is the distance from a to the 
ongm. 

EXAMPLE 1 Rewrite as a whole number or fraction: 

(a) 16- 112 

Solution 

1 
(a) 16- 112 = --

161/2 

(b) 27213 

1 1 

,/16 4 

1 1 (c) 416. 4-18 = 4-2 = _ = _ 
42 16 

93 
(d) 31 

(b) 27213 = (27113)
2 

= 32 = 9 

(d) 93 
37 

(32)3 36 1 
-- - - -3-l _ -

37 - 37 - - 3 ■ 

Another important algebraic relationship is the binomial expansion of ( a + b )n. It 
is proved in Appendix C and is needed in the proof of the power law for derivatives in 
Section 3.2. 

Expanding (a+ b)n for n = 2, 3, 4, we obtain 

• (a+ b)2 =(a+ b)(a + b) = a2 + 2ab + b2 

• (a+ b)3 =(a+ b)(a + b)2 =(a+ b)(a 2 + 2ab + b2) = a3 + 3a2b + 3ab2 + b3 

• (a+ b)4 =(a+ b)(a + b)3 =(a+ b)(a 3 + 3a2b + 3ab2 + b3) = a4 + 4a3b + 
6a2b2 + 4ab 3 + a4 

Notice there are some patterns emerging here. In each case, the first and second 
terms are an and nan-lb, while the last two terms are nabn-l and bn. There is a general 
formula for the expansion, called the binomial expansion formula. It is expressed using 
summation notation as 

We introduce summation notation in Section 5.1. For now, you can understand the 
formula as saying that (a+ b)n is a sum of terms ( _n!)' ,an-PbP, with a term for each n p .p. 

p going from Oto n. So, for example, in (a+ b)8, the first four terms are: 8~b,a8 = a8, 
8! 7 7 8! 6 2 6 2 8! 5 3 5 3 · 

7 ,1,a b=8a b, 6,2 ,a b =28a b ,and 5,3 ,a b =56a b .Workingouttherestofthe 

terms, we find that: 

We visualize real numbers as points on a line (Figure 1), and we refer to that line as 
the real line. For this reason, real numbers are often called points. The point correspond­
ing to O is called the origin. 

The real numbers are ordered, and we can view that ordering in terms of position on 
the real line: p is greater than q, written p > q, if p is to the right of q on the number 
line. p is less than q, written p < q, if p is to the left of q on the number line. 

A real number x is said to be positive if x > 0, negative if x < 0, nonpositive if 
x < 0, and nonnegative if x > 0. 

Two other important terms we use, related to position on the real line, are "large" 
and "small." We say that pis large if pis distant from the origin, and pis small if pis 
close to the origin. While these definitions are somewhat vague, the meaning should be 
clear in the contexts in which they are used. 

The absolute value of a real number a, denoted la I, is defined by (Figure 2): 

a if a> 0 
la I = distance from the origin = 

-a if a< 0 



lb-al 
I l•I I I • ··· 

-2 -1 a O 1 2 b 

FIGURE 3 The distance between a and b is 
lb -al. 

FIGURE 4 The four intervals with endpoints 
a and b. 

lxl <r 

-r 0 

FIGURE 6 The interval 
(-r,r) = {x: lxl < r}. 

r 
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For example, 11.21 = l.2and 1-8.351 = -(-8.35) = 8.35. The absolute value satisfies 

I lal = I-al, labl = lal lbl I 

The distance between two real numbers a and b is I b - a I, which is the length of the line 
segment joining a and b (Figure 3). 

Two real numbers a and bare close to each other if lb - al is small, and this is the 
case if their decimal expansions agree to many places. More precisely, if the decimal 
expansions of a and b agree to k places (to the right of the decimal point), then the 
distance lb - al is at most 10-k. Thus, the distance between a= 3.1415 and b = 3.1478 
is at most 10- 2 because a and b agree to two places. In fact, the distance is exactly 
13.1478 - 3.14151 = 0.0063. 

Beware that la+ bl is not equal to lal + lbl unless a and b have the same sign or 
at least one of a and b is zero. If they have opposite signs, cancellation occurs in the 

sum a+ b, and la+ bl < lal + lbl. For example, 12 + 51 = 121 + 151 but 1-2 + 51 = 3, 
which is less than 1-21 + 151 = 7. In any case, la+ bl is never greater than lal + lbl, and 
this gives us the simple but important triangle inequality: 

I la + bl :'.:: lal + lbl I 

We use standard notation for intervals. Given real numbers a < b, there are four 
intervals with endpoints a and b (Figure 4). They all have length b - a but differ accord­
ing to which endpoints are included. 

a b a b a b a b 

Closed interval [ a, b] 
( endpoints included) 

Open interval ( a, b) 

( endpoints excluded) 
Half-open interval [a , b) Half-open interval (a, b] 

The closed interval [ a, b] is the set of all real numbers x such that a < x < b: 

[a, b] = {x ER: a < x < b} 

We usually write this more simply as {x : a < x < b}, it being understood that x belongs 
to R. The open and half-open intervals are the sets 

(a, b) = {x : a < x < b} , [a, b) = {x : a < x < b}, (a, b] = {x : a < x < b} 

Open interval ( endpoints excluded) Half-open interval Half-open interval 

The infinite interval (-oo, oo) is the entire real line R. A half-infinite interval is 
closed if it contains its finite endpoint and is open otherwise (Figure 5): 

[a,oo) = {x: x > a}, (-oo,b] = {x: x < b} 

a b 

[a, oo) (-oo, b] 

FIGURE 5 Closed half-infinite intervals. 

Open and closed intervals may be described by absolute-value inequalities. For ex­
ample, the interval (-r, r) is described by the inequality Ix I < r (Figure 6): 

lxl < r -r < x < r x E (-r,r) I 
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The symbol{} is read as "is equivalent 

to," and the symbol=>, that we wi II also 
use, is read as "implies." 

r r 

c-r C c + r 

FIGURE 7 (a,b) = (c - r,c + r). 

3 3 

7 10 13 

FIGURE 8 The interval [7, 13] is described 
by Ix - 101 < 3. 

In Example 3, we use the notation U to 

denote "union": The union A U B of sets 

A and B consists of all elements that 
belong to either A or B (or to both). 

-2 0 14 

FIGURE 9 The set S = {x : I ½x - 3 I > 4 }. 

The term "Cartesian" refers to the French 

philosopher and mathematician Rene 
Descartes (1596-1650), whose Latin 

name was Cartesius. He is credited (along 
with Pierre de Fermat) with the invention of 

analytic geometry. In his great work La 
Geometrie, Descartes used the letters 

x, y, z for unknowns and a, b, c for 
constants, a convention that has been 

followed ever since. 

The notation (a, b) could mean the open 
interval that is equal to the set of points 

{x : a < x < b} or it could mean the point 
in the xy-plane with x = a and y = b. In 
general, the meaning will be apparent from 

the context. 

More generally, for an interval symmetric about the value c (Figure 7): 

I Ix - cl < r c-r<x<c+r xE(c-r,c+r) 

Closed intervals can be represented similarly, with < replaced by <. We refer to r as the 
radius and c as the midpoint or center of the intervals ( c - r, c + r) and [ c - r, c + r]. 
The intervals (a, b) and [a, b] have midpoint c = } (a + b) and radius r = ½ (b - a) 
(Figure 7). 

EXAMPLE 2 Describe [7, 13] using an absolute-value inequality. 

Solution The midpoint of the interval [7, 13] is c = } (7 + 13) = 10, and its radius is 

r = i (13 - 7) = 3 (Figure 8). Therefore, 

[7, 13] = {x ER: Ix -101 < 3} 

EXAMPLE 3 Describe the set S = { x : I } x - 3 I > 4} in terms of intervals. 

Solution It is easier to consider the opposite inequality Ii x - 3 I < 4 first. By (2): 

1 
- x - 3 < 4 
2 

1 
-4 < - x - 3 < 4 - 2 -

1 
-1 < - x < 1 (add 3) - 2 -

-2 < X < 14 - - (multiply by 2) 

■ 

Thus, I ½x - 31 < 4 is satisfied when x belongs to [-2, 14]. The set Sis the complement, 
consisting of all numbers x not in [-2, 14]. We can describe S as the union of two inter­
vals: S = (-oo, -2) U (14, oo) (Figure 9). ■ 

Graphing 
Graphing is a basic tool in calculus, as it is in algebra and trigonometry. Recall that rect­
angular (or Cartesian) coordinates in the plane are defined by choosing two perpendicular 
axes, the x-axis and they-axis.To a pair of numbers (a, b) we associate the point P lo­
cated at the intersection of the line perpendicular to the x-axis at a and the line perpendic­
ular to the y-axis at b [Figure l0(A)]. The numbers a and bare the x- and y-coordinates 
of P. The x-coordinate is sometimes called the abscissa and they-coordinate the ordi­
nate. The origin is the point with coordinates (0, 0). 

y 

2 
P = (a, b) 

b ---- ----- ------- - -, 

1 

-----------------x 
-2 -1 1 2 a 

-1 

-2 

(A) 

II 
(- , +) 

y 

I 
(+, +) 

---------------x 

III 
(- , -) 

(B) 

IV 
(+, -) 

FIGURE 10 The rectangular coordinate system (A) and the four quadrants (B). 



y 

Y1 

--------------x 

FIGURE 11 Distanced is given by the 
distance formula. 

y 

b 
(a, b) 

--1-------------x 
a 

FIGURE 12 Circle with equation 
(x - a )2 + (y - b )2 = r 2 . 

A function f : D ➔ Y is also called a 
map. The sets D and Y can be arbitrary. 

For example, we can define a map from the 

set of living people to the set of whole 
numbers by mapping each person to his or 

her year of birth. The range of this map is 
the set of years in which a living person 

was born. In multivariable calculus, the 
domain might be a set of points in the 

two-dimensional plane and the range a set 
of numbers, points, or vectors. 
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The axes divide the plane into four quadrants labeled I-IV, determined by the signs 
of the coordinates [Figure lO(B)]. For example, quadrant III consists of points (x, y) such 
that x < 0 and y < 0. 

The distance d between two points P1 = (x1, y1) and P2 = (x2, y2) is computed 
using the Pythagorean Theorem. In Figure 11, we see that P1 P2 is the hypotenuse of 
a right triangle with sides a = lx2 - x1 I and b = I Y2 - YI 1-Therefore, 

d2 = a2 + b2 = (x2 - x1) 2 + (y2 - Y1)2 

We obtain the distance formula by taking square roots. 

Distance Formula The distance between P1 = (xi, y1) and P2 = (x2, y2) is 

Once we have the distance formula, we can derive the equation of a circle of radius 
rand center (a, b) (Figure 12). A point (x, y) lies on this circle if the distance from (x, y) 
to(a,b)isr: 

Squaring both sides, we obtain the standard equation of the circle of radius r centered at 
(a, b ): 

We now review some definitions and notation concerning functions. 

DEFINITION A function f from a set D to a set Y is a rule that assigns, to each 
element x in D, a unique element y = f (x) in Y. We write 

f:D-+Y 

The set D, called the domain of f, is the set of "allowable inputs." For x E D, f (x) is 
called the value off at x (Figure 13). The range Roff is the subset of Y consisting of 
all values f (x): 

R = {y E Y : f(x) = y for some x ED} 

Informally, we think off as a "machine" that produces an output y for every input 
x in the domain D (Figure 14). 

f 

DomainD y 

FIGURE 13 A function assigns an element 
f(x) in Y to each x E D. 

x-.-
Input 

Machine/ ~ f (x) 
Output 

FIGURE 14 Think of f as a "machine" that 
takes the input x and produces the output f (x ). 

Writing y = f (x) for a function f, we refer to x as the independent variable and y 
as the dependent variable (because its value depends on the choice of x ). 
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y 

f(a) 

Zero off 

a 

FIGURE 15 

FIGURE 17 The Greenland ice sheet. 

The first part of this text deals with functions f, where both the domain and the 
range are sets of real numbers. When f is defined by a formula, its natural domain 
is the set of real numbers x for which the formula is meaningful. For example, the 
function f(x) = ✓9 - x has domain D = {x : x < 9} because ✓9 - x is defined if 
9 - x > 0. Here are some other examples of domains and ranges: 

f(x) 

x2 

cosx 

1 

x+l 

DomainD 

R 
R 

{x:x:fa-1} 

Range R 

{y : y > O} 
{y: -1 < y < l} 

{y: y # O} 

The graph of a function y = f(x) is obtained by plotting the points (a, f(a)) for a 
in the domain D (Figure 15). If you start at x = a on the x-axis, and move up to the graph 
and then over to the y-axis, you arrive at the value f(a). 

A zero or root of a function f is a number c such that f (c) = 0. The zeros are the 
values of x where the graph intersects the x-axis. 

In Chapter 4, we will use calculus to sketch and analyze graphs. At this stage, to 
sketch a graph by hand, we can make a table of function values, plot the corresponding 
points (including any zeros), and connect them by a smooth curve. 

EXAMPLE 4 Find the roots and sketch the graph of f(x) = x 3 - 2x. 

Solution First, we solve 

x 3 
- 2x = x(x 2 

- 2) = 0 

The roots off are x = 0 and x = ±✓2. To sketch the graph, we plot the roots and a few 
values listed in Table 1 and join them by a curve (Figure 16). ■ 

TABLE 1 

X x 3 -2x 

-2 -4 
-1 

0 
1 
2 

1 
0 

-1 
4 

y 

4 

-2 -1 -1 

--------------- -4 

FIGURE 16 Graph of f(x) = x 3 - 2x. 

Functions arising in applications are not always given by formulas. Data collected 
from observation or experiment define functions for which there may be no exact 
formula. Such functions can be displayed either graphically or by a table of values. 
For example, consider the mass of the Greenland ice sheet (Figure 17) that covers 
most of the island of Greenland. Data in Table 2 and Figure 18 collected by NASA's 
GRACE (Global Recovery and Climate Experiment) satellite show the change in the 
mass of the ice, C, as a function of time, t, since the beginning of 2012. (Note, for 
example, t = l.46 means 0.46 years into 2013.) To plot this function, we plot the 
data points in the table and connect the points with a smooth curve. We will see 
that many of the tools of calculus can be applied to functions constructed from data in 
this way. 
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TABLE 2 

Time Change in Mass Time Change in Mass C 

(years since from Jan. 1, 2012 (years since from Jan. 1, 2012 
500 ···················· ······················r····················· ······················,···················· .. 1······················ 

Jan. 1, 2012) (in gigatonnes) 

0 0 

0.21 138.53 

0.54 -139.14 

0.89 -487.05 

1.12 -386.78 

1.46 -355.26 

1.87 -518.52 

2.21 -475.14 

2.45 -474.96 

y 

FIGURE 19 Graph of 4y 2 - x 3 = 3. This 
graph fails the Vertical Line Test, so it is 
not the graph of a function. 

y 

(A) Increasing 

FIGURE 20 

y 

Jan. 1, 2012) (in gigatonnes) 

2.79 -794.51 

3.12 -623.4 

3.32 -624.41 

3.70 -960.08 

4.12 -899.86 

4.46 -869.46 

4.91 -1153.08 

5.25 -1110.29 

5.44 -1115.94 

. . . 
: : : . . . . . . . . . 
: : : . . . . . 
: : . . 
: : 

3 4 5 6 

-500 ,~ ..... ....... i. ...................... ~ ...................... ~ ....................... · 
: : 

-1000 ~ l . 
····················r······················~-·····················~---············· ·· :············· ·······r······················· 

. . . . . : : : ....,_:,-- -. 
\ : l ~ 
. . . . 
: : . . 
: : . . ····················-···················································································································" 

FIGURE 18 Change in mass of the Greenland 
ice sheet. 

We can graph not just functions but, more generally, any equation relating y and x. 
Figure 19 shows the graph of the equation 4 y 2 - x 3 = 3; it consists of all pairs (x, y) 
satisfying the equation. This curve is not the graph of a function of x because some 
x-values are associated with two y-values. For example, x = l is associated with both 
y = l and y = - l. A curve is the graph of a function of x if and only if it passes the Ver­
tical Line Test; that is, every vertical line x = a intersects the curve in at most one point. 

We are often interested in whether a function is increasing or decreasing. Roughly 
speaking, a function f is increasing if its graph goes up as we move to the right and is 
decreasing if its graph goes down [Figures 20(A) and (B)]. More precisely, we define the 
notion of increase/decrease on an open interval. 

A function f is 

• Increasing on (a,b) if f(x1) < f(x2) for all x1,x2 E (a,b) such thatx1 < x2 

• Decreasing on (a, b) if f(x1) > f(x2) for all x1, x2 E (a, b) such that x1 < x2 

We say that f is monotonic if it is either increasing or decreasing. In Figure 20(C), the 
function is not monotonic because, while it is increasing for some intervals of x and 
decreasing for others, it is neither increasing nor decreasing for all x. 

A function f is called nondecreasing if f (x1) < f (x2) for x1 < x2 (defined by < 
rather than a strict inequality < ). Nonincreasing functions are defined similarly. Func­
tion (D) in Figure 20 is nondecreasing, but it is not increasing on the intervals where 
the graph is horizontal. Function (E) is increasing everywhere, even though it levels off 
momentarily. 

(B) Decreasing 

y 

-------x 
a b 

( C) Decreasing on ( a, b) 
but not decreasing 
everywhere 

y y 

(D) Nondecreasing but not (E) Increasing 
. . 
mcreas1ng 
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Another important property of functions is parity, which refers to whether a function 
is even or odd: 

• f is even if f (-x) = f (x). 
• f is odd if f (-x) = -f (x). 

The graphs of functions with even or odd parity have a special symmetry: 

• Even function: The graph is symmetric about the y-axis. This means that if 
P = (a, b) lies on the graph, then so does Q = (-a, b) [Figure 2l(A)]. 

• Odd function: The graph is symmetric with respect to the origin. This means 
that if P = (a, b) lies on the graph, then so does Q = (-a, -b) [Figure 2l(B)]. 

Many functions are neither even nor odd [Figure 2l(C)]. 

y 

(-a, b) 
1 
------- b 

-a a 

(A) Even function: f(-x) = f(x) 
Graph is symmetric 
about the y-axis. 

FIGURE 21 

y 

(B) Odd function: f(-x) = -f(x) 
Graph is symmetric 
about the origin. 

( C) Neither even nor odd 

EXAMPLE 5 Determine whether the function is even, odd, or neither. 

(a) f(x) = x 4 

Solution 

(b) g(x) = x- 1 (c) h(x) = x 2 +x 

(a) f(-x) = (-x) 4 = x 4 . Thus, f(x) = f(-x), and f is even. 

(b) g(-x) = (-x)- 1 = -x- 1. Thus, g(-x) = -g(x), and g is odd. 

(c) h(-x) = (-x) 2 + (-x) = x 2 - x. We see that h(-x) is not equal to h(x) or to 
-h(x) = -x 2 - x. Therefore, h is neither even nor odd. ■ 

EXAMPLE 6 Using Symmetry Sketch the graph of f(x) = 2 l . 
X + l 

Solution The function f is positive [ f (x) > O] and even [ f (-x) = f (x)]. Therefore, 
the graph lies above the x-axis and is symmetric with respect to the y-axis. 

Furthermore, f is decreasing for x > 0 (because a larger value of x makes the de­
nominator larger and therefore the fraction smaller). We use this information and a short 
table of values (Table 3) to sketch the graph (Figure 22). Note that the graph approaches 
the x-axis as we move away from zero, both to the right and to the left, because f (x) gets 
closer to zero as Ix I increases. ■ 

TABLE 3 

X 
1 

x 2 + 1 

0 1 

±1 

±2 

1 
2 
1 
5 

1 
f(x) = x2+ 1 

----------------x 
-2 -1 1 

rnJ FIGURE 22 

2 



Remember that f(x) + c and f (x + c) 
are different. The graph of y = f (x) + c is 

a vertical translation and y = f (x + c) is 
a horizontal translation of the graph of 

y = f(x). 

y 
Y =f(x) 

Y = -2f(x) 

FIGURE 25 Negative vertical scale factor 
k = -2. 

SECTION 1.1 Real Numbers, Functions, and Graphs 9 

Two important ways of modifying a graph are translation ( or shifting) and scaling. 
Translation consists of moving the graph horizontally or vertically: 

DEFINITION Translation (Shifting) 

• Vertical Translation y = f(x) + c: Shifts the graph off by lcl units vertically, 
upward if c > 0 and downward if c < 0. 

• Horizontal Translation y = f (x + c): Shifts the graph off by lcl units horizon­
tally, to the right if c < 0 and to the left if c > 0. 

Figure 23 shows the effect of translating the graph of f(x) = l/(x 2 + 1) vertically and 
horizontally. 

y 

2 

-2 -1 1 

1 (A) y = f(x) = 
2 X + l 

FIGURE 23 

2 

y 
Shift 1 unit 

upward 

l 1 

---------1-----. X 
-2 -1 1 2 

1 (B) y = f(x) + l = 
2 

+ 1 
X + l 

y 

Shift 1 unit 2 

to the left 

----------1------x 
-3 -2 -1 1 

1 (C) y=f(x+ 1) = 
2 (x + 1) + 1 

EXAMPLE 7 Figure 24(A) is the graph of f(x) = x 2 , and Figure 24(B) is a horizontal 
and vertical shift of (A). What is the equation of graph (B)? 

y 

-2 -1 1 2 3 

-1 

(A) f(x) = x 2 

mJ FIGURE 24 

-2 -1 

y 

4 

-1 

3 

(B) 

Solution Graph (B) is obtained by shifting graph (A) 1 unit to the right and 1 unit down. 
We can see this by observing that the point (0, 0) on the graph off is shifted to (1, -1). 
Therefore, (B) is the graph of g(x) = (x - 1)2 - 1. ■ 

Scaling (also called dilation) consists of compressing or expanding the graph in the 
vertical or horizontal directions: 

DEFINITION Scaling 

• Vertical scaling y = kf (x): If lkl > 1, the graph off is expanded vertically by 
the factor I k 1-If 0 < I k I < 1, the graph of f is compressed vertically by the factor 
I k 1-If k < 0, then the graph is also reflected across the x-axis (Figure 25). 

• Horizontal scaling y = f(kx): If lkl > 1, the graph off is compressed horizon­
tally by the factor lkl. If 0 < lkl < 1, the graph off is expanded horizontally by 
the factor lkl. If k < 0, then the graph is also reflected across the y-axis. 




