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; a successful teacher for more than 30 years, Jon Rogawski

istened and learned much from his own students. These
valuable lessons made an impact on his thinking, his writing,
and his shaping of a calculus text.

Jon Rogawski received his undergraduate and master’s de-
grees in mathematics simultaneously from Yale University, and
he earned his PhD in mathematics from Princeton University,
where he studied under Robert Langlands. Before joining the
Department of Mathematics at UCLA in 1986, where he was
a full professor, he held teaching and visiting positions at the
Institute for Advanced Study, the University of Bonn, and the
University of Paris at Jussieu and Orsay.

Jon’s areas of interest were number theory, automor-
phic forms, and harmonic analysis on semisimple groups. He
published numerous research articles in leading mathematics
journals, including the research monograph Automorphic Rep-
resentations of Unitary Groups in Three Variables (Princeton
University Press). He was the recipient of a Sloan Fellowship
and an editor of the Pacific Journal of Mathematics and the
Transactions of the AMS.

Sadly, Jon Rogawski passed away in September 2011. Jon’s
commitment to presenting the beauty of calculus and the impor-
tant role it plays in students’ understanding of the wider world is
the legacy that lives on in each new edition of Calculus.

lin Adams is the Thomas T. Read professor of Mathematics

it Williams College, where he has taught since 19835. Colin
received his undergraduate degree from MIT and his PhD from
the University of Wisconsin. His research is in the area of knot
theory and low-dimensional topology. He has held various grants
to support his research and written numerous research articles.

Colin is the author or co-author of The Knot Book, How
to Ace Calculus: The Streetwise Guide, How to Ace the Rest
of Calculus: The Streetwise Guide, Riot at the Calc Exam and
Other Mathematically Bent Stories, Why Knot?, Introduction to
Topology: Pure and Applied, and Zombies & Calculus. He co-
wrote and appears in the videos “The Great Pi vs. e Debate” and
“Derivative vs. Integral: the Final Smackdown.”

He is a recipient of the Haimo National Distinguished
Teaching Award from the Mathematical Association of America
(MAA) in 1998, an MAA Polya Lecturer for 1998-2000, a Sig-
ma Xi Distinguished Lecturer for 2000-2002, and the recipient
of the Robert Foster Cherry Teaching Award in 2003.

Colin has two children and one slightly crazy dog, who is
great at providing the entertainment.

bbert (Bob) Franzosa is a professor of mathematics at the

University of Maine where he has been on the faculty since
1983. Bob received a BS in mathematics from MIT in 1977 and
a PhD in mathematics from the University of Wisconsin in 1984.
His research has been in dynamical systems and in applications
of topology in geographic information systems. He has been in-
volved in mathematics education outreach in the state of Maine
for most of his career.

Bob is a co-author of Introduction to Topology: Pure and
Applied and Algebraic Models in Our World. He was awarded
the University of Maine’s Presidential Outstanding Teaching
award in 2003.

Bob is married, has two children, three step-children, and
one grandson.









. consider ourselves very lucky to have careers as teach-

rs and researchers of mathematics. Through many years
(over 30 each) teaching and learning mathematics we have de-
veloped many ideas about how best to present mathematical
concepts and to engage students working with and exploring
them. We see teaching mathematics as a form of storytelling,
both when we present in a classroom and when we write mate-
rials for exploration and learning. The goal is to explain to stu-
dents in a captivating manner, at the right pace, and in as clear
a way as possible, how mathematics works and what it can do
for them. We find mathematics to be intriguing and immensely
beautiful. We want students to feel that way, too.

It has been an exciting challenge to author the recent editions
of Jon Rogawski’s calculus book. We both had experience
with the early editions of the text and had a lot of respect for
Jon’s approach to them. Jon’s vision of what a calculus book
could be fits very closely with our own. Jon believed that as
math teachers, how we present material is as important as what
we present. Although he insisted on rigor at all times, he also
wanted a book that was clearly written, that could be read by
a calculus student and would motivate them to engage in the
material and learn more. Moreover, Jon strived to create a text
in which exposition, graphics, and layout would work together
to enhance all facets of a student’s calculus experience.
Jon paid special attention to certain aspects of the text:

1. Clear, accessible exposition that anticipates and addresses
student difficulties.

2. Layout and figures that communicate the flow of ideas.

3. Highlighted features that emphasize concepts and
mathematical reasoning including Conceptual Insight,
Graphical Insight, Assumptions Matter, Reminder, and
Historical Perspective.

4. A rich collection of examples and exercises of graduated
difficulty that teach basic skills as well as problem-solv-
ing techniques, reinforce conceptual understanding, and
motivate calculus through interesting applications. Each
section also contains exercises that develop additional
insights and challenge students to further develop their
skills.

Our approach to writing the recent editions has been to take
the strong foundation that Jon provided and strengthen it in two
ways:

¢ To fine-tune it, while keeping with the book’s original
philosophy, by enhancing presentations, clarifying con-
cepts, and emphasizing major points where we felt such
adjustments would benefit the reader.

¢ To expand it slightly, both in the mathematics presented
and the applications covered. The expansion in math-
ematics content has largely been guided by input from
users and reviewers who had good suggestions for valu-
able additions (for example, a section on how to decide
which technique to employ on an integration problem).
The original editions of the text had very strong coverage
of applications in physics and engineering; consequently,
we have chosen to add examples that provide applications
in the life and climate sciences.

We hope our experience as mathematicians and teachers
enables us to make positive contributions to the continued de-
velopment of this calculus book. As mathematicians, we want
to ensure that the theorems, proofs, arguments, and derivations
are correct and are presented with an appropriate level of rigor.
As teachers, we want the material to be accessible and written
at the level of a student who is new to the subject matter. Work-
ing from the strong foundation that Jon set, we have strived
to maintain the level of quality of the previous editions while
making the changes that we believe will bring the book to a
new level.

In this edition we have continued the themes introduced in the
third edition and have implemented a number of new changes.

We have continued to emphasize conceptual understanding
over the memorization of formulas. Memorization can never
be completely avoided, but it should play a minor role in the
process of learning calculus. Students will remember how to
apply a procedure or technique if they see the logical progres-
sion of the steps in the proof that generates it. And they then
understand the underlying concepts rather than seeing the topic



as a black box. To further support conceptual understanding
of calculus, we have added a number of new Graphical and
Conceptual Insights through the book. These include insights
that discuss:

e The differences between the expressions “undefined,”
“does not exist,” and “indeterminate” in Section 2.5 on
indeterminate formes,

e How measuring angles in radians is preferred in calculus
over measuring in degrees because the resulting deriva-
tive formulas are simpler (in Section 3.6 on derivative
rules of trigonometric functions),

e How the Fundamental Theorem of Calculus (Part II)
guarantees the existence of an antiderivative for con-
tinuous functions (in Section 5.5 on the Fundamental
Theorem of Calculus, Part II),

e How the volume-of-revolution formulas in Section 6.3
are special cases of the main volume-by-slices approach
1n Section 6.2,

e The relationships between a curve, parametrizations of
it, and arc length computed from a parametrization (in
Section 11.2 on arc length and speed),

e The relationship between linear approximation in multi-
variable calculus (in Section 14.4) and linear approxima-
tion for a function of one variable in Section 4.1.

We simplified a number of derivations of important calculus
formulas. These include:

e The derivative rule for the exponential function in Section
3.2,

e The formula for the area of a surface of revolution in
Section 8.2,

e The vector-based formulas for lines and planes in 3-space
in Sections 12.2 and 12.5.

Expanding on the strong collection of applications in physics
and engineering that were already in the book, we added a
number of applications from other disciplines, particularly in
the life and climate sciences. These include:

e The rate of change of day length in Section 3.7
® The log-wind profile in Section 3.9

PREFACE

e A grid-connected energy system in Section 5.2

e A glacier height differential-equations model
in Section 9.1

e A predator-prey interaction in Section 11.1

e Geostrophic wind flow in Section 14.5

e QGulf Stream heat flow in Section 15.1

In previous editions of the text, the first mathematics material
that the reader encountered was a review of precalculus. We felt
that a brief introduction to calculus would be a more meaning-
ful start to this important body of mathematics. We hope that
it provides the reader with a motivating glimpse ahead and a
perspective on why a review of precalculus is a beneficial way

to begin.

Historical Perspectives and margin notes have been a well-
received feature of previous editions. We added to the his-
torical content by including a few new margin notes about past
and contemporary mathematicians throughout the book. For
example, we added a margin note in Section 3.1 about the con-
tributions of Sir Isaac Newton and Gottfried Wilhelm Leibniz
to the development of calculus in the seventeenth century, and
a margin note in Section 12.2 about recent Field’s medalist
Maryam Mirzakhani.

Numerous examples and accompanying figures have been
added to expand on the variety of annlications and to clarify
concepts. Figures marked with a icon have been made
dynamic and can be accessed via webAssign Premium. A
selection of these figures also includes brief tutorial videos
explaining the concepts at work.

A variety of exercises have also been added throughout the
text, particularly following up on new examples in the sections.
The comprehensive section exercise sets are closely coordinat-
ed with the text. These exercises vary in difficulty from routine
to moderate as well as more challenging. Specialized exercises
are identified by icons. For example, [ indicates problems
that require the student to give a written response. There also
are icons for problems that require the use of either graphing-
calculator technology » advanced software such as
a computer algebra sy
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w-factorial is the number

- Dn=2)---2)(1)

2 = (2)(1) =2
=(3)2)X1) =6

we set 0! = 1.

2 -1 0 1 2

The set of real numbers
represented as a line.

In some texts, “larger than” is used
synonymously with “greater than.” We will
avoid that usage in this text.

|l

'I—'
a

0

|a| 1s the distance from a to the
origin.

Rewrite as a whole number or fraction:

3
(a) 16°1/2 (b) 272%/3 (c) 416.4-18 (d) 2—7
Solution
@1r= - L _1 (b) 2723 = (27'3)* =32 =9
162 /16 4
3
11 93 (32)" 36 1
416-4_18=4_2= — — — — _1=—
(©) 2~ 16 D F="37 =373 =3

Another important algebraic relationship is the binomial expansion of (a + b)". It
1s proved 1n Appendix C and is needed in the proof of the power law for derivatives in
Section 3.2.

Expanding (a + »)" forn = 2, 3,4, we obtain

* (a+b)* = (a+b)a+b) =a*+2ab+ b*

e (@a+ b)Y = (@+b)a+b)? = (a+b)a?+2ab+ b = a®+3a*b+3ab*+ b’

e (@+b)* = (a+b)a+ b = (a+b)a®+3a*b +3ab* + b)) = a* + 4a®b +
6ab* + 4ab3 + a*

Notice there are some patterns emerging here. In each case, the first and second
terms are a” and na” b, while the last two terms are nab™ ! and b". There is a general
formula for the expansion, called the binomial expansion formula. It is expressed using
summation notation as

H

n!
(a +b)' = a"PpP
; (n—p)p!

We introduce summation notation in Section J.1. For now, you can understand the

formula as saying that (a + »)" is a sum of terms (n_’; !)! o a"~PbP, with a term for each
8! 8 8

p going from 0 to n. So, for example, in (a + b)2, the first four terms are: sord. = a’,
%cﬂb = 8a’b, %aﬁsb2 = 28a%b?, and %asiﬂ = 56a°b>. Working out the rest of the
terms, we find that:

(a+b)® = a® + 8a7b + 284°b? + 56a°b> + 70a*b* + 56a°b° + 28a°b° + 8ab’ + ab

We visualize real numbers as points on a line (Figure 1), and we refer to that line as
the real line. For this reason, real numbers are often called points. The point correspond-
ing to 0 is called the origin.

The real numbers are ordered, and we can view that ordering in terms of position on
the real line: p is greater than g, written p > g, if p is to the right of g on the number
line. p is less than g, written p < g, if p is to the left of g on the number line.

A real number x is said to be positive if x > 0, negative if x < 0, nonpositive if
x < 0, and nonnegative if x > 0.

Two other important terms we use, related to position on the real line, are “large”
and “small.” We say that p is large if p is distant from the origin, and p is small if p is
close to the origin. While these definitions are somewhat vague, the meaning should be
clear in the contexts in which they are used.

The absolute value of a real number a, denoted |a/|, 1s defined by (Figure 2):

a ifa>0
|a| = distance from the origin = -

—a ifa <0
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For example, |1.2| = 1.2 and |—8.35| = —(—8.35) = 8.35. The absolute value satisfies

|h — Al

-2 -la0 1 2 b The distance between two real numbers a and b is |b — a|, which is the length of the line

The distance between g and b is segment joining a and » (Figure 3).

b —al. Two real numbers a and b are close to each other if |b — a| is small, and this is the
case if their decimal expansions agree to many places. More precisely, if the decimal
expansions of a and b agree to k places (to the right of the decimal point), then the
distance |b — a| is at most 10~%. Thus, the distance between a = 3.1415 and b = 3.1478
is at most 1072 because a and b agree to two places. In fact, the distance is exactly
13.1478 — 3.1415| = 0.0063.

Beware that |a + b| i1s not equal to |a| 4+ |p| unless a and b have the same sign or
at least one of a and b 1s zero. If they have opposite signs, cancellation occurs in the
sum a + b, and |a + b| < |a| + |b|. For example, |2 4+ 5| = |2| + |5]| but |-2 + 5| = 3,
which is less than |—2| 4 |5| = 7. In any case, |a + b| is never greater than |a| + |b|, and
this gives us the simple but important triangle inequality:

We use standard notation for intervals. Given real numbers a < b, there are four
intervals with endpoints a and b (Figure 4). They all have length b — a but differ accord-
ing to which endpoints are included.

a b a b a b a b
The four intervals with endpoints Closed interval [a, &] Open interval (a, b) Half-open interval [a, b) Half-open interval (a, ]
a and b. (endpoints included) (endpoints excluded)

The closed interval [a, b] is the set of all real numbers x such that a < x < b:
[a,b] ={x e R:a < x < b}

We usually write this more simply as {x : a < x < b}, it being understood that x belongs
to R. The open and half-open intervals are the sets

L(a,b):{x:a<x<b}J, L[a,b):{x:a§x<b}J, ga,b]:{x:a<x§b}J

B a I Y

Open interval (endpoints excluded) Half-open interval Half-open interval

The infinite interval (—o0, 00) is the entire real line R. A half-infinite interval is
closed if it contains its finite endpoint and is open otherwise (Figure 5):

[a,00) = {x :x > a}, (—00,b] = {x : x < b}

a D
[as OO) (—'OO, b]

Closed half-infinite intervals.

x| <7 Open and closed intervals may be described by absolute-value inequalities. For ex-
— — ample, the interval (—r, r) is described by the inequality |x| < r (Figure 6):
—r U F
The interval

(—r,r)={x:|x| <r}






.
o=

P.=(x:_v.)
T

|}’2 — Y1

Y21 Py ={x, ¥)

|xz —x1|

X1 X2

Distance d is given by the
distance formula.

y)

Circle with equation
(x — a)2 + (y — b)2 = r2.

A function f : D — Y is also called a
map. The sets D and Y can be arbitrary.
For example, we can define a map from the
set of living people to the set of whole
numbers by mapping each person to his or
her year of birth. The range of this map is
the set of years in which a living person
was born. In multivariable calculus, the
domain might be a set of points in the
two-dimensional plane and the range a set
of numbers, points, or vectors.
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The axes divide the plane into four quadrants labeled I-IV, determined by the signs
of the coordinates [Figure 10(B)]. For example, quadrant III consists of points (x, y) such
that x < Oand y < 0.

The distance d between two points P; = (x1,y1) and Py = (x3, y2) 1s computed
using the Pythagorean Theorem. In Figure 11, we see that P P, is the hypotenuse of
a right triangle with sides a = |x; — x| and b = |y, — y1|. Therefore,

d* = a* + b* = (xy — x)* + (2 — n1)?

We obtain the distance formula by taking square roots.

Once we have the distance formula, we can derive the equation of a circle of radius

r and center (a, b) (Figure 12). A point (x, y) lies on this circle if the distance from (x, y)
to (a,b) s r:

Ja—ap+o-m2=r

Squaring both sides, we obtain the standard equation of the circle of radius r centered at
(a, b):

We now review some definitions and notation concerning functions.

The set D, called the domain of f, is the set of “allowable inputs.” For x € D, f(x) is

called the value of f at x (Figure 13). The range R of f is the subset of Y consisting of
all values f(x):

R={yeY: f(x)=y forsome x € D}

Informally, we think of f as a “machine” that produces an output y for every input
x in the domain D (Figure 14).

X ——

Domain D Y Input

— f(0)
QOutput

A function assigns an element
f(x)inY toeach x € D.

Think of f as a “machine” that
takes the input x and produces the output f(x).

Writing y = f(x) for a function f, we refer to x as the independent variable and y
as the dependent variable (because its value depends on the choice of x).
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>

The Greenland ice sheet.

The first part of this text deals with functions f, where both the domain and the
range are sets of real numbers. When f is defined by a formula, its natural domain
1s the set of real numbers x for which the formula is meaningful. For example, the
function f(x) = /9 — x has domain D = {x : x < 9} because /9 — x 1s defined if
9 — x > 0. Here are some other examples of domains and ranges:

f(x) Domain D Range R

x2 R {y:y=>0)

COS X R y:-1<y=<1l}
1

—_— , —1 ,

T+ 1 x:x#-1}  {y:y#0}

The graph of a function y = f(x) is obtained by plotting the points (a, f(a)) for a
in the domain D (Figure 15). If you start at x = a on the x-axis, and move up to the graph

and then over to the y-axis, you arrive at the value f(a).

A zero or root of a function f is a number ¢ such that f(c) = 0. The zeros are the
values of x where the graph intersects the x-axis.

In Chapter 4, we will use calculus to sketch and analyze graphs. At this stage, to
sketch a graph by hand, we can make a table of function values, plot the corresponding
points (including any zeros), and connect them by a smooth curve.

Find the roots and sketch the graph of f(x) = x3 — 2x.

Solution First, we solve
x3—2x=x(x2—2)=0

The roots of f are x = 0 and x = £+/2. To sketch the graph, we plot the roots and a few
values listed in Table 1 and join them by a curve (Figure 16).

y
X x3 —2x X
-2 —4
—1 1
0 0
1 —1
2 4

Graph of f(x) = x> — 2x.

Functions arising in applications are not always given by formulas. Data collected
from observation or experiment define functions for which there may be no exact
formula. Such functions can be displayed either graphically or by a table of values.
For example, consider the mass of the Greenland ice sheet (Figure 17) that covers
most of the island of Greenland. Data in Table 2 and Figure 18 collected by NASA’s
GRACE (Global Recovery and Climate Experiment) satellite show the change in the
mass of the ice, C, as a function of time, ¢, since the beginning of 2012. (Note, for
example, t = 1.46 means 0.46 years into 2013.) To plot this function, we plot the
data points in the table and connect the points with a smooth curve. We will see
that many of the tools of calculus can be applied to functions constructed from data in
this way.



Time Change in Mass
(years since fromJan. 1, 2012 (years since from Jan. 1, 2012

Jan. 1, 2012) (in gigatonnes)

0 0

0.21 138.53
0.54 —139.14
0.89 —487.05
1.12 —386.78
1.46 —355.26
1.87 —518.52
2.21 —475.14
2.45 —474.96

- X

Graph of 4y% — x3 = 3. This
graph fails the Vertical Line Test, so it is
not the graph of a function.

. .

(A) Increasing

-t
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Time Change in Mass

500

Jan. 1, 2012) (in gigatonnes) _ | | | : :
279 —794.51 0 — i

3.12 —6234 6
3.32 —624.41 -0

3.70 —960.08 —1000 e
4.12 —899.86 |
4.46 —869.46

4.91 —1153.08 Change in mass of the Greenland
5.25 ~1110.29 ice sheet.

5.44 —1115.94

We can graph not just functions but, more generally, any equation relating y and x.
Figure 19 shows the graph of the equation 4y — x = 3; it consists of all pairs (x, y)
satisfying the equation. This curve is not the graph of a function of x because some
x-values are associated with two y-values. For example, x = 1 is associated with both
y = 1 and y = —1. A curve is the graph of a function of x if and only if it passes the Ver-
tical Line Test; that is, every vertical line x = a intersects the curve in at most one point.

We are often interested in whether a function is increasing or decreasing. Roughly
speaking, a function f 1s increasing if its graph goes up as we move to the right and 1s
decreasing if its graph goes down [Figures 20(A) and (B)]. More precisely, we define the
notion of increase/decrease on an open interval.

We say that f is monotonic if it is either increasing or decreasing. In Figure 20(C), the
function 1s not monotonic because, while it is increasing for some intervals of x and
decreasing for others, it is neither increasing nor decreasing for all x.

A function f is called nondecreasing if f(x;) < f(x2) for x; < x» (defined by <
rather than a strict inequality <). Nonincreasing functions are defined similarly. Func-
tion (D) in Figure 20 is nondecreasing, but it is not increasing on the intervals where
the graph is horizontal. Function (E) is increasing everywhere, even though it levels off
momentarily.

?’ * v
X | E i > X | > Y l > 1
a b
(B) Decreasing (C) Decreasing on {(a, b) (D) Nondecreasing but not (E) Increasing
but not decreasing increasing

everywhere
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Another important property of functions is parity, which refers to whether a function
1s even or odd:

The graphs of functions with even or odd parity have a special symmetry:

* Even function: The graph is symmetric about the y-axis. This means that if
P = (a, b) lies on the graph, then so does Q = (—a, b) [Figure 21(A)].

* Odd function: The graph is symmetric with respect to the origin. This means
that if P = (a, b) lies on the graph, then so does Q = (—a, —b) [Figure 21(B)].

Many functions are neither even nor odd [Figure 21(C)].

y
v
(—a, b t, b)
1, b)
— —X — — X ' X
(—a, —1
(A) Even function: f(—x) = f(x) (B) Odd function: f(—x) =—f(x) (C) Neither even nor odd
Graph is symmetric Graph is symmetric
about the y-axis. about the origin.

Determine whether the function is even, odd, or neither.
@ f(x)=x* ) g(x)=x"" (© h(x)=x*+x
Solution
(@) f(—x) = (—x)* = x* Thus, f(x) = f(—x), and f is even.
(b) g(—x) = (—x)"! = —x~1. Thus, g(—x) = —g(x), and g is odd.

(©) h(—x) = (—x)* + (—x) = x? — x. We see that h(—x) is not equal to h(x) or to
—h(x) = —x2 — x. Therefore, h is neither even nor odd.

1

Sketch th h of = :
etch the graph of f(x) 241

Solution The function f is positive [ f(x) > 0] and even [ f(—x) = f(x)]. Therefore,
the graph lies above the x-axis and is symmetric with respect to the y-axis.

Furthermore, f is decreasing for x > ( (because a larger value of x makes the de-
nominator larger and therefore the fraction smaller). We use this information and a short
table of values (Table 3) to sketch the graph (Figure 22). Note that the graph approaches
the x-axis as we move away from zero, both to the right and to the left, because f(x) gets
closer to zero as |x| increases.

y

1 O

X
x2 41

0 1
+1 % : > X

" 2 -1 1 2
42 5



Remember that f(x) +c and f(x + ¢)

are different. The graph of y = f(x)+c is

a vertical translation and y = f(x +c¢) is
a horizontal transiation of the graph of

y = fx).

k=-2

y
4 y = f(x)

X

y=—4jx)

Negative vertical scale factor
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Two important ways of modifying a graph are translation (or shifting) and scaling.
Translation consists of moving the graph horizontally or vertically:

Figure 23 shows the effect of translating the graph of f(x) =1/ x2+1) vertically and
horizontally.

y y y
Shift 1 unit 4
2 up Shift 1 unit 2
to the left

T — X f ‘ = X t —= X

2 o1 1 2 T 3 2 -1 | 1

1 1 1
A) y=f(x)= B)y=f(x)+1= +1 C)y=fx+1)=
&) y=f6) = 5— B) y=F)+1= 35— ©y=fx+ )= —L—

Figure 24(A) is the graph of f(x) = x2, and Figure 24(B) 1s a horizontal
and vertical shift of (A). What is the equation of graph (B)?

y y
: —+>x —— x
-2 -1 1 2 3 -2
+ .
(A) f(x) = x* (B)

Solution Graph (B) is obtained by shifting graph (A) 1 unit to the right and 1 unit down.
We can see this by observing that the point (0, 0) on the graph of f is shifted to (1, —1).
Therefore, (B) is the graph of g(x) = (x — 1)?%—1.

Scaling (also called dilation) consists of compressing or expanding the graph in the
vertical or horizontal directions:





